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Abstract
In this work, a new construction based on companion matrices of primitive polynomials is provided.
Given two primitive polynomials over the finite fields Fq and Fqb , we construct a ring isomorphism that
transforms the companion matrix of the primitive polynomial over Fqb into a matrix with elements in Fq
whose characteristic polynomial is another primitive polynomial over Fq.
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1 Introduction
Primitive polynomials have been extensively studied because of their important applications (see, for example,
[1]). They are widely used in cryptographic applications such that pseudo-random sequence generation. For
example, every linear feedback shift register (LFSR) with maximum period is built from a primitive polynomial
[2]. Many other sequence generators are based on primitive polynomials, for example, the shrinking generators
(see [3, 4, 5]).
On the other hand, linear block codes that achieve equality in the Singleton bound are called maximum
distance separable codes (MDS codes) [6]. The companion matrices of primitive polynomials are used to construct
maximum distance separable (MDS) codes [7]. MDS codes are an important class of block codes since, for a
fixed length and dimension, they have the greatest error correcting and detecting capabilities. These codes have
been under study extensively due to their error correcting ability, they are, for instance, widely used in storage
systems to protect data against erasures [8].
Various tables of primitive polynomials over finite fields were presented in the technical literature [9, 10].
Primitive polynomials over the binary field, F2, have received particular attention, due to their use in the gen-
eration of linear recurring sequences widely employed in testing, coding theory, cryptography, communication
systems, and many other areas of electrical engineering [11, 12, 13]. There have appeared a number of re-
cent results about primitive polynomials, for instace, dealing with the existence of primitive polynomials with
prescribed coefficients [14, 15, 16].
In some applications, we need primitive polynomials with some special properties, and so it is very important
to know whether for any given q and b there exists a primitive polynomial of degree b over the Galois field Fq
which satisfies certain conditions [17, 18, 10]. For this purpose, in this work, we present a ring isomorphism
that combines two companion matrices of two given primitive polynomials and provides a new matrix whose
characteristic polynomial is also primitive.
This paper is organized as follows: In Section 2 some basic concepts and definitions are given. In Section 3,
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the main construction of this work is presented. Finally, the paper comes to an end in Section 4 with some
conclusions.
2 Preliminaries
In this section, we recall some concepts that are well-known and can be found in reference [19].
Let Fq be the Galois field of q elements. A generator of the cyclic group F∗q is called a primitive element
of Fq.
A polynomial A(x) ∈ Fq[x] of degree m ≥ 1 is called primitive over Fq if it is the minimal polynomial over
Fq of a primitive element of Fqm . Thus, a primitive polynomial over Fq of degree m may be described as a monic
polynomial that is irreducible over Fq and has a root α ∈ Fqm that generates the multiplicative group of Fqm .
The companion matrix of a monic polynomial A(x) = a0 + a1x + a2x
2 + · · · + am−1xm−1 + xm ∈ Fq[x] is
given by the m×m matrix
A =

0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...
...
...
...
0 0 · · · 0 −am−2
0 0 · · · 1 −am−1

.
Some authors define the companion matrix of A(x) as AT .
Example 1: The polynomial p(x) = 1+x+x3 ∈ F2[x] is a primitive polynomial over F2 with companion matrix:
P =
 0 0 11 0 1
0 1 0

A root α ∈ Fqm of p(x) generates the multiplicative group of F23 in the following way:
F23 = {0, 1, α, α2, α3, α4, α5, α6}
= {0, 1, α, α2, 1 + α, α+ α2, 1 + α+ α2, 1 + α2} 
3 Construction
We can use a primitive polynomial U(x) of degree m in order to construct Fqm , the Galois field of qm elements
[19]. Thus,
Fqm ≈ Fq[x]/ 〈U(x)〉
=
{
a0 + a1x + · · ·+ am−2xm−2 + am−1xm−1 | ai ∈ Fq, i = 0, 1, . . . ,m− 1
}
and addition and multiplication in Fqm are the usual in Fq[x], but reducing modulo U(x).
Another way to see the elements in Fqm is as vectors in Fmq , that is,
Fqm = {(a0, a1, . . . , am−2, am−1) | ai ∈ Fq, i = 0, 1, . . . ,m− 1} .
Moreover, if α ∈ Fqm is a root of U(x), then α is a primitive element of F∗qm and we can write
Fqm = {0, 1, α, α2, . . . , αqm−2}.
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We can also see the elements in Fqm as matrices. For this purpose, we consider the companion matrix U of
the primitive polynomial U(x). In this case, it is well-known that Fq[U] = {F (U) | F (x) ∈ Fq[x]} is a field which
is isomorphic to Fqm (see, for example [19]). Now, we can consider the field isomorphism
ψ : Fqm −→ Fq[U]
ψ(α) 7→ U (1)
where α ∈ Fqm is a primitive element [7, 19]. Then we can write
Fqm =
{
O, I,U,U2, . . . ,Uq
m−2
}
.
This isomorphism can be extended to the following ring isomorphism (see [7]):
Ψ : Matt×s(Fqm) −→ Matt×s(Fq[U])
A = [ai,j ] 7→ Ψ(A) = [ψ(ai,j)] (2)
Next theorem shows how to use this ring isomorphism in order to construct primitive polynomials with
coefficients in Fq using primitive polynomials with coefficients in Fqm .
Theorem 3.1: Let V be the companion matrix of a primitive polynomial V (x) ∈ Fqm [x] of degree r, and let Ψ
be the ring isomorphism given in expression (2). Then, the characteristic polynomial C(x) = det (xI−Ψ(V)) ∈
Fq[x] of the matrix Ψ(V) is a primitive polynomial of degree rm.
Proof: Assume that V (x) = v0 + v1x + · · ·+ vr−1xr−1 + xr ∈ Fqm [x] and let
V =

0 0 0 · · · 0 −v0
1 0 0 · · · 0 −v1
0 1 0 · · · 0 −v2
...
...
...
...
...
0 0 0 · · · 0 −vr−2
0 0 0 · · · 1 −vr−1

be its companion matrix. We have to prove that the characteristic polynomial of the matrix
Ψ(V) =

O O O · · · O −ψ(v0)
Im O O · · · O −ψ(v1)
O Im O · · · O −ψ(v2)
...
...
...
...
...
O O O · · · O −ψ(vr−2)
O O O · · · Im −ψ(vr−1)

(3)
is a primitive polynomial in Fq[x] with degree rm.
On one hand, we know hat the matrix Ψ(V) has size rm × rm, so the characteristic polynomial C(x) =
det (xIrm −Ψ(V)) must have degree rm.
On the other hand, we also know that the polynomial C(x) is a primitive polynomial if and only if all
the powers Ψ(V)i, for i = 1, 2, . . . , qrm − 1 are pairwise different [20]. First of all, it is clear that Ψ(V)i ∈
Matrm×rm(Fq), for i = 1, 2, . . . , qrm − 1. Suppose now that Ψ(V)i = Ψ(V)j , for some i, j ∈ {1, 2, . . . , qrm − 1}.
Since Ψ is a ring isomorphism, we have that
Vi = Vj in Matr×r(Fqm).
Moreover, since V is the companion matrix of a primitive polynomial in Fqm [x], we have that Fqrm ≈ Fqm [V]
and, therefore
i− j ≡ 0 (mod (qm)r − 1),
and consequently i = j from the choice of i and j. 
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The next example illustrates all the work made in this construction.
Example 2: Consider the primitive polynomial U(x) = 1 + x + x2 ∈ F2[x]. We can use this polynomial to
construct the Galois field F22 of 4 elements. Thus,
F22 ≈ F2[x]/ 〈U(x)〉 = {a1x + a0 | a0, a1 ∈ F2}
and the addition and multiplication in F22 are the usual in F2[x] but modulo U(x).
Another way to see the elements in F22 is as vectors in F22, that is
F22 = {(0, 0), (0, 1), (1, 0), (1, 1)}
or,
F22 = {0,1,2,3}
with the operations given by the tables:
+ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0
· 0 1 2 3
0 0 0 0 0
1 0 1 2 3
2 0 2 3 1
3 0 3 1 2
Here 0, 1, 2 and 3 are the binary expansion of 0, 1, 2 and 3 respectively.
Another way to see the elements in F22 is as matrices. For this purpose, we consider the companion matrix
U of U(x), that is,
U =
[
0 1
1 1
]
and, since U(x) is a primitive polynomial, we know that
F22 ≈ F2[U] = {O, I,U,U + I} = {O, I,U,U2}.
Now, as we saw before, given a primitive element, for example α = 3 ∈ F22 , we can construct the map
ψ : F22 −→ F2[U] such that ψ(3) = U is a field isomorphism. It is possible to construct the ring isomorphism
Ψ : Matt×s(F22) −→ Matt×s(F2[U]), such that Ψ(A) = [ψ(aij)], for A = [aij ] ∈ Matt×s(F22).
Now, consider the primitive polynomial V (x) = 3 + 2x + x2 + x3 ∈ F22 [x] whose companion matrix is
V =
0 0 31 0 2
0 1 1
 .
Then,
Ψ(V) =
O O VI O V2
O I I
 =

0 0 0 0 0 1
0 0 0 0 1 1
1 0 0 0 1 1
0 1 0 0 1 0
0 0 1 0 1 0
0 0 0 1 0 1

and by Theorem 3.1 the characteristic polynomial
C(x) = det (xI−Ψ(V)) = 1 + x + x6
of matrix Ψ(V) is a primitive polynomial with coefficients in F2 and degree 6.
Summarizing, with a polynomial of degree 3 over F22 [x] and a polynomial of degree 2 over F2[x] we found a
polynomial C(x) of degree 6 over F2[x]. Now, if we had a polynomial of degree t over F26 and C(x), we could
find a primitive polynomial of degree 6t over F2[x]. 
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In order to reduce the complexity of the computation of the determinant considered in the previous theorem,
we introduce the following result.
Corollary 3.2: Let V be the companion matrix of a primitive polynomial V (x) = v0+v1x+ · · ·+vr−1xr−1+xr ∈
Fqm [x]. Let ψ be the field isomorphism given in expression (1). Then, the determinant of the following polynomial
matrix
ψ(v0) + ψ(v1) + ψ(v2)X + ψ(v3)X
2 + · · ·+ ψ(vr−1)Xr−2 + Xr−1
is a primitive polynomial of degree rm in Fq[x].
Proof: Given a square matrix M , given by
M =
[
A B
C D
]
,
the determinant of M is det(M) = det(C) det(B − AC−1D) as long as C is square and non-singular (Schur
complement). According to Theorem 3.1, the characteristic polynomial of the matrix Ψ(V) is a primitive
polynomial, that is, the determinant of the polynomial matrix xI − Ψ(V) is a primitive polynomial. Now, we
can divide that polynomial matrix into blocks as follows
X O O · · · O ψ(v0)
−Im X O · · · O ψ(v1)
O −Im X · · · O ψ(v2)
...
...
...
...
...
O O O · · · X ψ(vr−2)
O O O · · · −Im X + ψ(vr−1)

,
where X = xI. If we denote by
∆ =

−Im X O · · · O
O −Im X · · · O
...
...
...
...
O O O · · · X
O O O · · · −Im
 ,
then, ∆ is a square matrix and det(∆) = 1. At this point, according to the Schur complement we have
det(xI −Ψ(V)) = det(∆) det
ψ(v0)− [ X O . . . O ]∆−1
 ψ(v1)...
ψ(vm−1)


= det(ψ(v0) + ψ(v1) + ψ(v2)X + ψ(v3)X
2 + · · ·+ ψ(vr−1)Xr−2 + Xr−1),
which is a primitive polynomial over Fq. 
4 Conclusions
Primitive polynomials have many practical applications in communications, cryptography, coding theory, etc. In
this work, a simple construction of primitive polynomials is given. Given two primitive polynomials of degrees
b and r over Fq and Fqb , respectively, we are able to construct another polynomial over Fq with degree rb,
constructing a matrix ring isomorphism and using the companion matrices of both polynomials.
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